Under a steady DC electric field of sufficient strength, a weakly conducting dielectric sphere in a dielectric solvent with higher conductivity can undergo spontaneous spinning (Quincke rotation) through a pitchfork bifurcation. We design an object composed of a dielectric sphere and an elastic filament. By solving an elasto-electrohydrodynamic (EEH) problem numerically, we uncover an EEH instability exhibiting diverse scenarios. Varying the bending stiffness of the filament, the composite object displays three behaviours: a stationary state, undulatory swimming and steady spinning, where the swimming behaviour results from a self-oscillatory instability through a Hopf bifurcation. The onset of this instability is predicted by a linear stability analysis incorporating an elastohydrodynamic model and the predicted critical conditions agree well with the numerical counterparts. We find that the elasto-viscous response of the filament transforms the pitchfork bifurcation into the Hopf bifurcation. Our results imply a new way of harnessing elastic media to engineer self-oscillations, and more generally, to manipulate and diversify the bifurcations and the corresponding instabilities. These ideas will be useful in designing soft, environment-adaptive machines.
I. INTRODUCTION
Cilia and filaments are hair-like slender microscale structures that play an important role in various biological processes 1 , such as swimming, pumping, mixing and cytoplasmic streaming, etc. The biological organelles deliver these functionalities by performing rhythmic, wave-like motion. The mechanism underlying the emergence of such oscillations remains unclear. Two major hypotheses, geometric feedback 2-7 and "flutter" or buckling instability [8] [9] [10] [11] [12] , have been raised based on theory and/or simulations: the first hypothesis assumes that a time-dependent dynein activity (switching on/off or modulation) is necessary to trigger the oscillations; the second one suggests that a steady point force or force distributions acted along the axial direction of a flexible filament can trigger its oscillatory motion through a "flutter" or buckling instability. These forces are in fact called the "follower force" in the mechanics literature [13] [14] [15] . Because the follower force was initially invented theoretically and assumed to be always tangential to the slender structure regardless of its time-dependent deformation, it was realised only mathematically and has been questioned for its impracticability 16 . Until very recently, it was realised on a metre-scale rod 17 .
To drive the oscillation of artificial cilia and filaments of micron scale, different methods that exploit magnetic [18] [19] [20] , electrostatic 21 , piezoelectric 22 , optical 23 and hydrogel-based actuations 24, 25 have been developed. Nonetheless, these practises relied on a time-dependent power source, except for the self-oscillation of polymer brushes triggered by the BelousovZhabotinsky reaction 25 . This reaction-based beating shares with other biological processes, such as heartbeats 26 , mammalian otoacoustic emissions 27 and hormone secretions 28 a same feature: self-oscillation, that is the generation and maintenance of a periodic motion by using a power source lack of a corresponding periodicity 29 .
In this work, we propose a chemical-reaction-free and follower-force-free strategy to engineer the self-oscillations of artificial structures by employing a time-independent, uniform electric field. We demonstrate this idea by propelling a microrobot composed of a weakly conducting dielectric spherical particle attaching an elastic filament. We conduct simulations to solve the electrohydrodynamics of the particle in a dielectric fluid coupled with the elastohydrodynamics of the filament. We report an elasto-electro-hydrodynamic (EEH) instability and utilise it to achieve the self-oscillations of the composite object. We then perform a linear stability analysis (LSA) incorporating an elastohydrodynamic model to predict the onset of self-oscillatory instability.
We describe the setup and governing equations of the EEH problem in section. II. The derivations of the LSA and the elastohydrodynamic model are provided in section. III, followed by section. IV showing the main results. Finally, we conclude our observations and provide some discussions in section. V.
II. PROBLEM SETUP AND MATHEMATICAL FORMULATIONS
We consider a weakly conducting dielectric spherical particle of radius A attaching an inextensible elastic filament of contour length L subject to a time-independent uniform electric field E = Ee z (see Fig. 1 ). The centreline of the filament is described by r (s), where s denotes the arclength. The filament is cylindrical with a constant cross-section of radius a, and its slenderness is sl = a/L 1. We fix sl = 0.01 in this work. The base J, s = 0 of the filament is clamped at the particle surface, namely, the tangent vector ∂r/∂s| s=0 at the base always passes through the particle centre P, regardless of its deformation and the particle orientation. This J→P vector naturally defines the orientation e p of the particle.
The size ratio between the particle and filament is α = A/L. We consider only the bending deformation of the filament with a bending stiffness of D = πa 4 Y /4, where Y denotes Young's modulus. Motivated by biomimetic applications at micron scale, we neglect the inertia of the fluid and particle. The fluid motion is governed by the Stokes equations, and the particle satisfies instantaneous force-and torque-free conditions.
The composite object is immersed in a dielectric solvent fluid with dynamic viscosity µ.
The electrical conductivity and absolute permittivity of the solvent are σ s and s , respectively, and those of the particle are σ p and p ; R = σ p /σ s and S = p / s indicate the ratios. τ s = s /σ s and τ p = p /σ p denote the charge relaxation time of the solvent and particle, respectively. These electrical properties are based on experiments 30 and are fixed in this study.
We constrain the movement of the composite object such that the particle centre P, filament position r(s) are on the yz-plane. Figure 1 : Schematics of the setup: a dielectric spherical particle of radius A attached with a flexible filament of contour length L is under a steady uniform electrical field E = Ee z . The composite object's motion, orientation e p and induced dipole P are all constrained to the yz-plane, and e p is described by the angle θ with respect to e z .
A. Electrohydrodynamics of the particle When putting a dielectric particle in a dielectric solvent, the interface of particle will be polarised. The total induced dipole P total consists of an instantaneous part P ∞ and a retarding part P, viz. P total = P ∞ + P. Both parts are defined by three components, P ∞ i and P i (i = 1...3) in the reference frame e 123 that translates and rotates with the particle (see Fig. 2 ). For a homogeneous spherical particle, its Maxwell-Wagner polarisation time τ MW , low-and high-frequency susceptibilities χ 0 and χ ∞ are isotropic, hence the i-th component of the instantaneous dipole P ∞ is
and that of the retarding dipole P is governed by
where κ = (R+2)/(S +2) and τ MW = τ s /κ. It is well-known that when the charge relaxation time τ p of the particle is larger than that τ s of the solvent, or in another word, R/S < 1, P is oriented against the electric field. This directional misalignment is the necessary condition of the electro-rotation of the particle, the so-called Quincke rotation (QR) 32 , which would occur when in addition, the strength E of the electric field is above a critical value E cri derived theoretically as 30, 33 (see appendix A)
We do not consider the hydrodynamic interactions between the particle and filament, hence the kinematics of the particle can be obtained by using its translational and rotational mobility factors. Assuming that the particle rotates at velocity Ω p about its centre P which translates at velocity U p , the force and torque balances on the particle give
where F f→p denotes the force exerted by the filament to the particle, Γ f→p the torque with respect to the particle centre, β d = 6πµa and γ d = 8πµa 3 the translational and rotational drag coefficients of a sphere in the creeping flow, respectively; Γ elec is the electric torque on the particle with respect to its centre, that is
where P ∞ × E ≡ 0 for an isotropic sphere because P ∞ i linearly scales with E i in each direction by the same factor χ ∞ (see Equ. 1). It is worth pointing that P ∞ × E = 0 for ellipsoidal particles, where the factor is direction-dependent 30,31 . The translation of particle is driven by the elastic force of the filament balanced by the viscous drag, while the rotational motion of the particle is determined by the balance between the elastic, electric and viscous torque.
The orientation of the particle e p is defined as the direction from the filament base J towards the particle centre P, where e 3 of the reference frame coincides with e p . The proper
Euler angles [θ, φ, ψ] are used. P is decomposed into P = P 3 e 3 + P N N + P Q Q, where N indicates the nodal line direction and Q = e 3 × N. This decomposition applies to other vectorial variables such as E. We constrain P onto the yz-plane, hence φ = ψ ≡ 0 and θ is the only angle indicating the orientation e p ; additionally, P N ≡ 0 and e x ≡ N. For the sake of completeness, we first derive the governing equations for a general situation without these constraints. Using the torque-free condition Equ. 4b, we obtain the governing equations for [θ, φ, ψ],
where E 3 = E cos θ and E Q = E sin θ. The governing equations for [P N , P Q , P 3 ] are 
whereμ = 8πµL 4 /(Dτ s ) denotes the elasto-electro-viscous (EEV) parameter andη = α 3μ .
The dimensionless governing equations for [P N ,P Q ,P 3 ] are
The dimensionless force-and torque-free conditions arē
Since we constrain the motion of the composite object and the induced dipole P on the yz-plane, we solve Equs. 8a, 9b and 9c for θ,P Q andP 3 .
B. Elastohydrodynamics of the filament
We describe here the elastohydrodynamic equations for the filament. We use f (s) to denote the force per unit length exerted onto the fluid by the filament. By employing the slender body theory (SBT) considering the leading order local drag 34 , the relation between the velocity r t of the filament centreline and f is
where U ∞ is the underling velocity at r(s) andŝ = r s ; the subscript t and s denote the partial derivative with respect to t and s, respectively and c = 1 + 2 log sl . The filament complies to the EulerBernoulli constitutive law, and because the elastic force balances the hydrodynamic force anywhere on the centreline, we obtain
where T (s) denotes the line tension acting as a Lagrangian multiplier to guarantee the inextensibility of the filament.
By substituting Equ. 12 into Equ. 11, and choosing L and D/L 2 the characteristic length and force, we obtain the dimensionless equations forr, µrt = −2cTsrs − cTrss + crssss + c (rs ·rssss)rs.
We write the dimensionless equation forT (s), 2cTss − cTrss ·rss = −7crss ·rssss − 6crsss ·rsss −μβ p (1 −rs ·rs) ,
where −μβ p (1 −rs ·rs) is an extra penalisation term introduced 35, 36 to preserve the local inextensibility constraintrs ·rs ≡ 1, and β p = 100 is adopted in our simulations. The boundary conditions (BCs) forr andT at the free ends = 1 arē
Those at the clamped ends = 0 couple the elastohydrodynamics and electrohydrodynamics, as will be described in Sec. II C.
C. Elasto-electro-hydrodynamic coupling
The electrohydrodynamics of the dielectric particle in the dielectric solvent and the elastohydrodynamics of the flexible filament in a viscous fluid are coupled via, first the BCs of r(s) andT (s) at the filament bases = 0, and second the elastic forceF f→p and torqueΓ f→p exerted by the filament onto the particle.
The BCs at the filament bases = 0 arē
wherex p denotes the dimensionless position of the particle centre. Equ. 16a and 16b imply, respectively, that the filament bases = 0 is exactly on the particle surface, and the filament tangent vector ats = 0 always passes through the particle centre. Moreover,x p and e p are connected to the particle kinematics through
whereŪ is linked to Equ. 10a andΩ to Equ. 8. The coupling is finalised by the computation
III. LINEAR STABILITY ANALYSIS
A. Linearisation about the stationary equilibrium state
We perform LSA about the stationary equilibrium state of the composite particle when the filament is undeformed. In this section, we drop the bars for all the variables known as dimensionless, unless otherwise specified. We linearise the governing equations of the particle orientation θ, and the dipole components [P Q , P 3 ]. By incorporating into the LSA a theoretical model of the elasto-viscous response of the filament, we do not linearise the equations for the filament position r(s) and tension T (s).
The state variables [θ,
and a perturbation state [θ , P Q , P 3 ], which satisfy
The perturbation-state variables [θ , P Q , P 3 ] are assumed to be infinitesimal in LSA, which will be extensively utilised.
By substituting Γ f→p = 0 and ∂ ∂t = 0 into Equs. 8a, 9b and 9c, we obtain the base-state
By substituting Equ. 19 and 20 into Equs. 8a, 9b and 9c, and using the following relations from the small θ assumption,
we derive the governing equations for the perturbation-state variables [θ , P Q , P 3 ],
Adopting the normal-mode approach that assumes the perturbations vary exponentially in time with a complex rate σ = σ r + iσ i , we write P Q , P 3 , θ = [Φ, Π, Θ] exp (σt). Consequently, Equ. 22 can be reformulated to
We note that for a vanishing elastic torque Γ 
B. Elastohydrodynamic model
Since the elastohydrodynamic equations are not linearised, we thus derive a theoretical expression of Γ f→p N (t) for the dispersion relation, Equ. 23. We find Γ f→p N (t) by solving a separate elastohydrodynamic problem of the composite object undergoing a prescribed rotational oscillation characterised by θ =θ(t) exp (iσ i t), whereθ(t) = Θ exp (σ r t) indicates the angular oscillation amplitude. We do not consider the object's translation near the onset of instability that is negligible due to the small-amplitude oscillation. To ease the derivation, we setθ = π/2 without loosing generality as shown in Fig. 3 , where the rest configuration between the torque Γ f→p | V with respect to the pivot V and Γ f→p to the particle centre P.
(dashed curves) corresponds to when the particle centre P coincides with the origin O and the undeformed filament is aligned in the e y direction. The rotational oscillation is executed about the pivot V that lies away from the origin by a dimensional distance b on the y-axis, where β = b/L denotes the dimensionless value; the dimensional distance between V and
The particle centre P (resp. filament base J)
follows a trajectory of a circular arc that is centred at V and of radius b (resp. d), both trajectories are symmetric about the y-axis. Note β is an unknown to be determined.
Near the onset of instability, the amplitudeθ(t) varies much slower than the oscillation of θ , viz. σ r σ i . This allows to assume that the amplitudeθ = Θ exp (σ r t) is quasi-steady, namely, θ at a particular time t 0 can be approximated by
as an instantaneous configuration of a periodic signal with a prescribed amplitude Θ exp (σ r t 0 ) and frequency σ i . This setup reminds us of the theoretical framework developed to address the so-called elastohydrodynamic problem II 37,38 of a filament with one of its end undergoing straight, oscillatory translation. We adapt that framework for our configuration, whereas our filament end oscillates on a circular arc instead of on a straight path, as shown in Fig. 3b . Because the filament undergoes small-amplitude deformation, |z y | 1 and its tangent vector r s e y . We also assume T (s) ≡ 0. The position r(t, s) of the filament centreline is r(s) = (α + s)e y + z(t, s)e z . The horizontal displacement of the filament base is of order O(θ 2 ) and can be neglected because θ ≤θ 1. The base's vertical oscillation is prescribed as
where δθ represents the oscillation amplitude. Following Ref. 37, 38 , the deflection of the filament is expressed by
where
and h is a sum of four solutions
The four coefficients c i need to be determined by the BCs of the filament ends. In contrast to to Ref. 37 ,38 treating z(s) as a real variable, we consider a complex z(s). This allows us to obtain the complex torque consistent with the complex nature of the torque balance, Equ. 23.
The BCs of h(s) at the free end s = 1 is h ss = h sss = 0. At the clamped end s = 0, h = 1 as a Dirichlet BC corresponding to the prescribed displacement; the other BC is more subtle. Because the filament orientation is orthogonal to the circular arc (see Fig. 3b ), we
By substituting Equ. 26 into Equ. 30 , we obtain the BC
Knowing all the BCs of h(s), we compute the four coefficients
where Λ = ξ 2i + 4ξ 1+i + ξ 2+2i + ξ 2 + 1. Considering the small-amplitude deformation, the total force F exerted by the filament to the clamped end is along the vertical e z direction.
The torque Γ f→p | V with respect to the pivot V and that Γ f→p to the particle centre P are along the e x direction, the corresponding components of the force and torques are
Now let us examine the denominator, Λ, of Equ. 33 whose five terms are in the form of 
where ζ k = exp (z 0 q k ) are 
We observe that the third term ζ 
The theoretical force F For the validation purpose, δ = α − β can be prescribed. However, for the model, δ needs to be determined using the force-free condition on the particle. The particle follows a circular arc on the other side of the pivot V, the z-component of the hydrodynamic force on the particle approximated by the Stokes's law is 
Using the leading-order torqueΓ f→p x Equ. 37c, as the left-hand side torque of Equ. 23 (note that the N nodal line direction coincides with the e x when the orientation e p is restricted on the yz-plane), we obtain the governing equation for the transformed growth rateσ =μσ,
where E = E 2 − 1, J = κμ and
where log ξ can be written as
IV. RESULTS
A. Numerical results
In the original QR phenomenon (without a filament), the particle undergoes QR when the dimensionless electric field is above 1, namely,Ē ≥ 1. We hereby investigate the influence of the bending stiffness of the filament by varyingμ, where we fix the electric fieldĒ = 1.5 at which an individual particle undergoes steady QR. Initially, we slightly perturb the induced dipoleP away from its equilibrium orientation, with a relative perturbation magnitude of the order O(1E − 4) ∼ O(1E − 3). We fix the size ratio α = 0.3 in this section. We observe that the composite object exhibits threeμ-dependent scenarios, indicated by the time evolution of the rotational velocityΩ shown in Fig. 6 . Whenμ = 600 (Fig. 6a) ,Ω decays dramatically and eventually becomes zero, indicating that the object recovers to a stationary state. Slightly increasingμ to 635 (Fig. 6b) , the time evolution ofΩ is featured by two phases: in the initial phase (cyan domain), it grows rapidly due to self-oscillation; in the second phase (green domain), it reaches a time-periodic state with a constant amplitude of about 0. between logΩ lpk andt shown in the inset of Fig. 7a . The time-periodic phase enlarged in Fig. 7b reveals its sinusoidal-like variation characterised by for-aft temporal symmetry.
Six times within one period of this phase are marked, with their corresponding positions and orientations of the particle, and the profiles of the filament depicted in Fig. 7c . The oscillating particle drives the filament to wiggle, because the filament is clamped onto the particle. The wiggling filament provides thrust to the whole object, as a natural resemblance to the biological organelle. Consequently, the object achieves locomotion, following the wavelike trajectory (Fig. 7d) . The wavy path is tightly packed neart = 0, implying the slow motion of the object undergoing small-amplitude oscillation in the initial phase.
We observe that whenμ lies in the self-oscillating regime, the time evolution ofΩ varies withμ. Shown by Fig. 8 forμ = 825 and 1000, at a largerμ it takes less time periods for the perturbation to reach its time-periodic state. In addition, that state clearly breaks for-aft symmetry with increasingμ.
We next investigate the criticalμ values that separate the three regimes corresponding to the stationary, undulating and steady spinning state. Having demonstrated that the composite object is able to achieve propulsion by selfoscillatory undulation, we naturally examine its propulsive performance. Shown in Fig. 10a , when the undulating swimmer reaches its time-periodic state, its trajectory resembles a periodic wave propagating along a straight direction (dashed arrow). We thus define the effective translational velocityŪ of the swimmer as the propagation speed of the wave, that isŪ =D/ T 2 −T 1 . This effective velocityŪ exhibits a clear non-monotonic variation inμ;
it reaches its maximum value at an optimal EEV numberμ =μ opt ≈ 825 and becomes zero whenμ →μ the particle and filament can be reasonably strong due to the decreasing distance between them. Since our simulations do not consider the hydrodynamic interactions, hence it might not be justified to interrogate the data in this regime. Finally, we show in Fig. 10c the dependence of the optimal swimming condition,μ opt andŪ opt , on the electric field strength E. The optimal EEV numberμ opt decreases withĒ monotonically; in contrast, the optimal velocityŪ opt displays a non-monotonic variation inĒ, reaching a maximum value of about 6E−3 atĒ ≈ 1.55 ∼ 1.6. This non-monotonic trend is not surprising. In fact, self-oscillation of the composite object only emerges when 1 <Ē <Ē cri , whereĒ cri represents the critical electric field above which the particle jointed with a rigid rod (μ → 0) of the same length and slenderness will undergo the QR instability. Hence, whenĒ ≥Ē cri , the composite object will spin steadily but not self-propel regardless of the filament rigidity. On the other hand, when
E ≤ 1, the extra anchored filament will further stabilise the original QR particle, hence they will be stationary. We further note that the optimal translational velocity ≈ 6E − 3 is in the range (1, 15) × 10 −3 of the dimensionless speed of a magnetically-driven flexible artificial flagellum 40 , implying that our synthetic propulsive mechanism is reasonably efficiency.
In analogous to µ, the variation ofΩ mag for the composite object tends to recover that of the original QR corresponding toμ → ∞.
It is evident that the elastic torqueΓ f→p plays an important role in the torque balance.
We examine the time evolution of the elasticΓ f→p , viscousΓ vis and electricΓ elec torque in 
B. Theoretical prediction of the onset of Hopf bifurcation
In this section, we provide the LSA predictions of the onset of Hopf bifurcation leading to self-oscillation. We solve Equ. 40 for the real and imaginary parts of the transformed growth rateσ =σ r + iσ i as a function of α, sl , κ,μ and E. Since we fixed sl and κ,σ only depends on α, E andμ.
We writeσ i = Y 4 and substitute it into Equ. 27 to obtain
Because L is a positive real number, so as Y . By substituting Equ. 41 and 42 into Equ. 40,
we obtain a two-dimensional, highly nonlinear polynomial system ofσ r and Y . For a known combination of α, E andμ, we can obtainσ r and Y via root-finding based on the python driver phcpy 44 of a general-purpose solver PHCpack 45 for polynomial systems.
Fixing α andĒ, we tune the EEV numberμ and computeσ r via root-finding. A simple bi-section method is adopted to obtainμ 
V. CONCLUSIONS AND DISCUSSIONS
Standard biomimetic practises commonly reply on an oscillating magnetic or electric field to produce the oscillatory motion of slender artificial structures. Hereby, we propose a strategy to achieve self-oscillation of artificial structures based on a time-independent, uniform electric field. By building up and numerically solving an elasto-electro-hydrodynamic problem, this concept is showcased by oscillating a composite object consisting of a weakly conducting dielectric spherical particle and an elastic filament immersed in a dielectric solvent.
Our strategy is grounded in the QR electrohydrodynamic instability phenomenon indicating that a weakly conducting dielectric particle suspended in a dielectric liquid of higher conductivity can undergo spontaneous rotation under a sufficiently strong DC electric field.
This instability emerges through a supercritical pitchfork bifurcation resulting in no oscillations. By incorporating an elastic filament, we transform the pitchfork bifurcation into a Hopf bifurcation through which a self-oscillatory instability occurs. This transformation is attributed to the elasto-viscous response of the filament providing an elastic torque to balance the electric and viscous torques. The elastic torque is in phase with the rotational velocity of the particle at certain time periods. This in-phase behaviour results in negative damping (or positive feedback), hence leading to the onset of linear instability 29 . It is worth pointing that the same instability was utilised to study suspensions of artificial swimmers made of QR particles that achieved locomotion by rolling near a rigid solid boundary 46 .
Besides, the very recent work 47 shows theoretically and numerically that a dielectric particle with particular geometrical asymmetry (e.g. a helix) under a dc electric field is able to convert QR into spontaneous translation in an unbounded domain.
Let us look over the original experiments conducted by Quincke 32 , where the particle was hung by a silk thread and hence the particle rotated in the direction along the orientation of the thread. Quincke also noted an oscillatory behaviour as translated by Ref.
33
"Quincke, with his spheres tethered to silk threads, had been forced to contend with periodic rotation, first in one direction and then in the other as the silk thread wound and unwound."
We think that the "wound and unwound" motion manifested its self-oscillatory nature, attributed to the torsional deformation of the silk thread. Probably regarding this observation as an experimental nuisance, Quincke did not pay attention to it nor by the other researchers, except for one unnoticed preprint 48 which recognised and modelled this torsional oscillation by considering a QR particle hung by a thread with torsional elasticity.
Instead, we consider only the bending stiffness of the grafted filament and the whole composite object is freely suspended in the solvent. By applying an electric field slightly stronger than the critical value corresponding to the onset of original QR instability, the composite object exhibits three distinct behaviours depending on the EEV numberμ (inversely proportional to the bending stiffness). Whenμ ≤μ cri 1 , the object remains stationary, corresponding to a fixed-point solution; whenμ ≥μ cri 2 , the particle spins steadily towing a deformed filament, corresponding to an asymmetric fixed-point solution; whenμ ∈ μ cri 1 ,μ cri 2 , the particle oscillates and the filament wiggles, leading the object to an undulatory locomotion. More specifically, instability occurs atμ cri 1 through a supercritical Hopf bifurcation, where the selfoscillatory motion represents a limit-cycle solution; atμ cri 2 , a secondary bifurcation appears, and the oscillatory, limit-cycle solution jumps to the steadily spinning, fixed-point solution.
By fixing the EEV numberμ, bifurcation diagrams considering the electric field strengthĒ as the control parameter revealed the same three scenarios.
We have also examined the propulsive performance of the micro object in the selfoscillating regimeμ ∈ (μ cri 1 ,μ cri 2 ). The trajectory of the object resembles a wave propagating along a straight path. The translational velocity of the object along this path varies inμ non-monotonically.
We finally perform a LSA to predictμ cri 1 corresponding to the onset self-oscillatory instability. Following Refs.
37,38 , we have developed an elastohydrodynamic model to account for the elastic force and torque exerted by the filament to the particle. Incorporating this model into the standard LSA for the original QR particle, we have derived the dispersion relationship. The theoreticalμ cri 1 predicted by the LSA agree well the numerical results, especially in the largeμ regime. However, the agreement becomes less satisfactory whenμ decreases, because of violating an assumption used in the elastohydrodynamic model.
Incorporating an elastic element to manipulate the electrohydrodynamic instability, we report an elasto-electro-hydrodynamic instability and use it for engineering self-oscillation of artificial structures. We anticipate this idea of harnessing elastic media to control and diversify the bifurcation and the corresponding instability behaviour to be generalised in other stability phenomena and systems. As a result, different emerging instability behaviours can be utilised for diverse functionalities. This concept might inspire new approaches to design soft, reconfigurable machines that can morph and adapt to the environment.
Appendix A: Quincke rotation of a dielectric sphere jointed with a rigid rod Following Ref. 33 , we hereby derive the critical electric field required to trigger the electrohydrodynamic instability of a dielectric spherical particle grafted by a rigid rod. Let us first briefly reproduce the derivation of Ref.
33 for an individual particle and then extend it to our composite sphere-rod configuration.
The electric torque exerted on the particle about its centre is 
Because the left-hand side of Equ. A3 is non-negative for a real value of Ω, this condition gives us the criterion of the electrical field E above which QR instability occurs,
The rotational speed of the QR particle is known based on Equ. A3, its dimensionless value isΩ QR = κ Ē2 − 1.
Now we adapt the above derivation to the composite sphere-rod system steadily rotating at velocity Ω = Ωe x about a pivot point V on the y-axis. Using the local SBT, the force per unit length −f rod exerted by the fluid onto the rod at s reads
where ξ ⊥ = −8πµ/c = −8πµ/(1 + 2 log sl ), and the total hydrodynamic force F rod exerted on the rod is
Simultaneously, the hydrodynamic force exerted on the particle is F par = 6πµAbΩe z . Using the force-free condition F rod + F par = 0, we obtain
The hydrodynamic torque Γ vis rod exerted on the rod with respect to the particle centre is 
Using the torque-free condition on the particle-rod system, Γ elec + Γ 
Hence, the critical electrical field corresponding to the instability inception is
The typical values ofĒ cri as a function of size ratio α for sl = 0.01 are provided in Tab. II.
